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ABSTRACT
Piezoelectric Nanocomposites Properties Estimation by Finite-Element Discretization and
Monte Carlo Simulation
by
Trevor Koenck
This thesis presents a numerical model for determining piezoelectric and non-linear
elastic properties of piezoelectric composites consisting of nanotubes in a polymer matrix.
Finite Element Analysis (FEA), in conjunction with the Embedded Fiber Method (EFM),
is used, and variable nanotube geometry, alignment, and waviness are taken into account.
First, a random morphology of a user-defined volume fraction of nanotubes is generated,
and their properties are incorporated into the polymer matrix using the EFM. Next, the
system is solved and the values are post-processed to determine the effective elastic and
piezoelectric properties of the composite. Finally, incremental FEA approaches are used for
the determination of the non-linear properties of the nanocomposite. Monte Carlo Analysis
of five hundred random microstructures is performed to capture the stochastic nature of
the fiber generation and to derive statistically reliable results. The models are validated by
comparison with theoretical and experimental data reported in recent literature.
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1Chapter 1
Introduction
1.1 Motivation
Piezoelectric materials have the property of coupling mechanical and electrical fields. Me-
chanical energy is converted to electrical energy and vice versa. These materials have a
large variety of uses, including structural vibration actuation and measurement (1; 2). They
may also be used as structural integrity sensors for airplane wings and other load-bearing
structures. Figure 1.1 demonstrates the piezoelectric effect, where F is a force and U is an
electrical potential (3).
Figure 1.1 : Piezoelectric effect.
However, piezoelectric materials have performance limits. Piezoelectric ceramics can
be too stiff and brittle to be used for certain applications, and piezoelectric polymers, while
tougher and more flexible, possess a lower electromechanical coupling coefficient than ce-
2ramics (2). These performance limits have caused an increase in the desire for piezoelectric
composites. Experiments and theoretical analysis have demonstrated that the insertion of
nanotubes can improve the electromechanical response of these polymers (1).
Carbon nanotubes possess exceptional mechanical, thermal, and electrical properties
at an almost insignificant weight on the macroscale. Theoretically, single-walled carbon
nanotubes (SWNTs) exhibit elastic moduli on the order of 1 TPa and fracture strains of
10-30% (4; 5; 6; 7). These values indicate that SWNTs have elastic moduli values that are
three times that of carbon fibers and five times that of steel, at one sixth of the weight (8). In
addition to their outstanding mechanical properties, carbon nanotubes exhibit exceptional
thermal and electrical properties. The theoretical thermal conductivity of SWNTs is usu-
ally reported as 6,000 W/mK at room temperature (9), which is approximately three times
the thermal conductivity of diamond, and approximately 104 that of most polymers (10).
This value is strongly temperature dependent as reported by Grujicic et al. (11), ranging
from values as high as 12,000 W/mK at 100 K to about 2,000 W/mK at 300 K. Carbon
nanotubes are also found to have exceptional electrical conductivity, on the order of 104-
107 S/m, approximately 20 decades higher than that of most polymers (10; 12). More
notably, nanotubes are capable of sustaining current densities above 109 A/cm at high
voltages and elevated temperatures without any change in resistance or physical deterio-
ration (13). This indicates that CNTs have electrical current capacity 1,000 times that of
copper wires (14) and at least two orders higher than that of typical superconductors (15).
Further, they have the potential to enhance polymer conductivities by as much as ten orders
3of magnitude (16). These properties, along with an aspect ratio of approximately 1000,
make SWNTs strong candidates for composite reinforcement.
Their mechanical properties make them quite appealing for use as reinforcing agents–
either alone or as filler with other reinforcements, such as carbon or glass fibers. Their
thermal properties make them desirable for thermal management applications, and their
electrical properties make them ideal for countless other composite applications such as
electromagnetic shielding, electrostatic charging prevention, and damage sensing (17; 18).
The very low density and high conductivity of CNTs can convert an insulating polymer
into an electrical conductor without adversely impacting the other desirable properties of
the thermoplastic. Collectively, all of these properties make nanotube composites of strong
interest to many various fields including the aerospace, automotive, medical, and military
sectors.
Piezoelectric nanocomposites may also consist of a non-piezoelectric polymer matrix
with piezoelectric inclusions. These materials ideally would exhibit the lightweight and
flexible characteristics of the polymer while also possessing a piezoelectric response.
Because of the interest in these new composites, a persistent need to predict their phys-
ical properties has developed. Several researchers have sought to characterize these materi-
als experimentally. Ramaratnam & Jalili (1) studied blends of piezoelectric poly(vinylidene
fluoride) (PVDF) and carbon nanotubes for use in sensors. Schlaberg & Duffy (19) evalu-
ated the performance of two different PVDF composites for medical imaging, and Venka-
tragavaraj et al. (20) measured the properties of a non-piezoelectric polymer combined
4with PZT-ceramic.
While experiments have already demonstrated the utility of nanotubes in composite ma-
terials, the need to accurately predict properties of nanocomposites using a proper model
remains critical because the sheer number of different possible composites limits the exper-
imental practicality. Due to the copious combinations of nanotube and polymer constituent
phases, numerical and analytical methods can help reduce the number of expensive and
time consuming experiments. Nanocomposites can vary by nanotube type, polymer ma-
trix, processing method, aspect ratio, volume fraction, and nanotube alignment. A review
of several hundreds of papers on the topic of polymer nanocomposites clearly revealed a
large variation of the reported property values as a function of nanotube type, polymer
matrix, and processing method (21). Further, a percolation model developed by Bao et
al. (22, 23) demonstrated that the electrical conductivity depends upon the dispersion and
alignment of the nanotubes. Thus, this manifold of controllable material parameters needs
to be taken into account and studied.
Because of the aforementioned needs, many researchers have sought to model these
new nanocomposites. Ray & Batra (24) proposed a composite consisting of carbon nan-
otubes embedded in a lead zirconate titanate (PZT-5H) piezoceramic matrix. They found
values for elastic and piezoelectric parameters using a micromechanical analysis. In addi-
tion to their experimental study, Ramaratnam & Jalili (1) also theoretically verified their
results through mathematical modeling of PVDF/CNT composites. Maxwell et al (2) used
finite element analysis to study the piezoelectric parameters of a composite consisting of
5a polyimide matrix, carbon nanotubes, and PZT particle concentrations. Jafari et al. (25)
used boron nitride nanotubes in a non-piezoelectric polymer and FEA to calculate the ef-
fective piezoelectric properties.
These efforts reflect many of the great leaps made in understanding these new nanocom-
posites. However, to date, scarce modelling information is available that includes the ran-
dom nature of nanocomposites; this is the motivation for the current work. Nanotubes can
vary by length and diameter, and they are often randomly dispersed and oriented in a ma-
trix. Many of the models in the current literature use straight, periodic nanotubes in their
calculations. Ray & Batra (24) and Pettermann & Suresh (26) modeled the nanocom-
posite where the nanotubes were unidirectional, distributed periodically , and spanned the
entire length of the matrix. Jafari et al. (25) modeled the composite with randomly dis-
tributed nanotubes, but they were still unidirectional. The model discussed herein includes
randomness in nanotube size, location, and orientation. Since both piezoelectric polymers
and piezoelectric nanotubes are of interest, the user is able to define either phase as piezo-
electric.
In addition, there is also limited modelling information on the non-linear properties of
either nanotubes or the polymer matrix for a realistic composite size. Elastic non-linearity
must be considered to accurately model the stress-strain relationship of these composites.
The model discussed herein studies the effects of non-linearity on the physical properties
of SWNT-reinforced polymer composites using a novel method described by Esteva (27)
and Spanos & Esteva (28).
61.2 Constitutive Equations
For piezeoelectric materials, a mechanical strain induces an electrical potential, and an
electrical potential causes a mechanical strain. The constitutive equations are similar to
those of elastic problems, but the material coefficient matrix now includes piezoelectric
coupling and dielectric coefficients in addition to the elasticity tensor. Thus, the complete
electromechanical behavior for piezoelectric materials can be described by the constitutive
equations
T = CS− eTE (1.1a)
and D = eS+ εE, (1.1b)
where T is the stress, C is the elastic stiffness tensor, S is the strain tensor, e are the piezo-
electric coupling constants, E is the electric field, D is the electric displacement, and ε are
dielectric (permittivity) constants.
In matrix notation, these equations can be written for the two-dimensional case as


T11
T33
T13
D1
D3


=


C11 C13 0 0 e13
C13 C33 0 0 e33
0 0 C55 e15 0
0 0 e15 −ε11 0
e13 e33 0 0 −ε33




S11
S33
S13
−E1
−E3


. (1.2)
71.3 Post-Processing
Once the system is solved through FEA, the results can be post-processed to determine the
effective piezoelectric properties of the nanocomposite. This is accomplished by evaluating
the average values for strain, stress, electric field, and electric displacement and using the
equations
T¯ = Ce f f S¯− eTe f f E¯, (1.3a)
and D¯ = ee f f S¯+ εe f f E¯, (1.3b)
where the upper bar denotes the average value, and eff means the effective value (29). The
average values are given by
T¯i j =
1
V
∫
Ti j dV, (1.4a)
S¯i j =
1
V
∫
Si j dV, (1.4b)
D¯i j =
1
V
∫
Di j dV, (1.4c)
and E¯i j =
1
V
∫
Ei j dV, (1.4d)
8where V is the RVE volume. For FEA, the average values are post-processed using
T¯i j =
1
V
nel∑
T ni j V
n
n=1
, (1.5a)
S¯i j =
1
V
nel∑
Sni j V
n
n=1
, (1.5b)
D¯i j =
1
V
nel∑
Dni j V
n
n=1
, (1.5c)
and E¯i j =
1
V
nel∑
Eni j V
n
n=1
, (1.5d)
where nel is the number of elements and n denotes the value at the nth element. Since
each element in the current model has the same volume, the average values just become the
average of the element values.
To determine the various piezoelectric constants, different loading conditions must be
used. In order to determine Ce f f33 , a positive displacement must be applied in the y-direction.
The effective coefficient is then calculated by
Ce f f33 = T¯33/S¯33. (1.6)
In order to determine ee f f33 and ε
e f f
33 , an electric potential must be applied to the positive
y face. The effective parameters are then calculated by
e
e f f
33 = −T¯33/E¯3 (1.7a)
and εe f f33 = D¯3/E¯3. (1.7b)
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The Representative Volume Element (RVE)
The model proposed herein is based upon a non-linear FEM model for elastic properties,
which was reported in Elsbernd & Spanos (30) and Spanos et al. (31). It employs the
Embedded Fiber Finite Element Method (EFFEM), which was reported in Esteva (27) and
Spanos & Esteva (28). In this method, a representative volume element (RVE) of a user-
specified volume fraction of SWNTs is developed in three distinct steps. First, the nanotube
morphology throughout the RVE is generated in a random manner, incorporating nanotube
waviness, entanglement, and nanotube diameter/length distributions. The RVE thickness
is assumed to be much smaller than the width or diameter, and thus the morphology is
only generated in two dimensions. By making this assumption, the problem becomes a
two-dimensional plane-stress problem, greatly reducing the computational effort required.
Once the morphology is generated, a square finite element mesh size is chosen and the nan-
otubes are divided into two new, shorter nanotubes when they cross the boundary from one
element into another. This process is known as partitioning and is necessary to perform the
final step of the method–fiber embedment. After partitioning, all nanotubes lie completely
inside elements. This attribute allows the direct addition of their elastic and piezoelectric
properties to those of the parent element in a finite element stiffness matrix sense. This
direct combination of properties is known as fiber embedment and is a homogenization
10
technique. These three steps form the foundation upon which a finite element approach can
be used to determine piezoelectric properties and a non-linear stress-strain curve for any
arbitrary SWNT/polymer composite.
2.1 RVE Generation
Unlike the majority of computational models that currently exist for SWNT/polymer com-
posites, the EFFEM does not generate the composite for analysis based upon smaller RVEs
with a single nanotube that traverses the entire RVE. Rather, by directly incorporating nan-
otube properties into the matrix, a complex nanotube morphology where some nanotubes
overlap and curve can be modeled. With this in mind, a scheme for generating complex
nanotube morphologies is used. The model is based upon the previous work by Elsbernd
& Spanos (30) in which the non-linear elastic properties of nanocomposites were modeled
without any piezoelectric effects. Thus, the same method for generating the CNT morphol-
ogy is used.
In this scheme, each nanotube is generated individually and randomly dispersed. This
random dispersion is assumed because of the many advances that have been made in dis-
persing nanotubes (32; 33). To generate a representative geometry, the length and diameter
of each nanotube are randomly generated from Weibull and lognormal distributions, re-
spectively, and waviness of nanotubes is also included.
Within a given batch of nanotubes, the lengths of individual nanotubes can vary from
less than 100 nm to over 1 µm. Wang et al. (34) and Ziegler et al. (35) reported statis-
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tically accurate length measurements for a large number of nanotubes. Wang et al. (34)
determined a Weibull distribution of lengths and provided scale and shape parameters of
a = 5 × 10−6 and b = 2.4, respectively. The nanotube lengths are randomly generated
using the inverse transformation method introduced by Elsbernd & Spanos (30). The cu-
mulative density function (CDF) for a Weibull distribution is given by
F (x) = 1− exp−( xα )γ , (2.1)
where α and γ are related to the scale and shape parameters by
α = exp− lnαb (2.2a)
and γ = b. (2.2b)
Solving for x in Equation (2.1) gives
x = −α [ln (1− u)] 1γ , (2.3)
where x is a random number from the Weibull distribution, and u is a random number from
a uniform distribution. Random CNT lengths are generated in this manner with upper and
lower length bounds of 20 nm and 800 nm, respectively. A histogram of 8,054 random
nanotube lengths is presented in Figure 2.1.
The distribution for diameter from Elsbernd’s model is also used in the present model.
Nanotube diameters can vary from about 0.5 nm to 7.5 nm (36). Several authors report an
average SWNT diameter between 1 and 2 nm (37; 38; 39). Along with a distribution for
length, Ziegler et al. (35) also reported a lognormal distribution of CNT diameters ranging
12
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Figure 2.1 : Weibull distribution of 8,054 nanotube lengths.
from about 0.5 nm to 2.0 nm. The CDF of a lognormal distribution is
F (x) = 1
2
(
1+ erf
[
ln x − µ
σ
√
2
])
, (2.4)
and solving for x according to the inverse transformation method gives
x = exp
(
σ
√
2erfinv[2u−1]+µ
)
, (2.5)
where x is a random number from a lognormal distribution, u is a random number from a
normal distribution, and µ and σ are distribution parameters.
Ziegler et al. (35) do not report values for µ and σ , but Elsbernd & Spanos (30) used
Matlab’s ’dfittool’ feature on the CNT diameter histogram. In this manner, the distribution
fit generated values of µ and σ to be 0.02847 and 0.33637, respectively. A random diameter
is then created using these parameters and a lower limit of 0.5 nm citeppip03. However,
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this is not the effective diameter that is used in the model. Atomic bond distances must also
be taken into account, as carbon-carbon bond spacing of about 0.34 nm is significant when
compared to nanotube diameter. This effectively increases the diameter of each nanotube
by 0.68 nm, and a diagram of this effect is shown in Figure 2.2. Rn is the physical CNT
radius, and Rne is the effective radius accounting for bond spacing, ν.
Figure 2.2 : Effect of bond spacing on effective diameter.
A histogram of 1,536 nanotube diameters is shown in Figure 2.3. These randomly
generated values include bond spacing and conform to a lognormal distribution.
The next step is to account for the inherent waviness of nanotubes, and once again the
method used by Elsbernd & Spanos (30) is incorporated into the present model. Since
nanotubes have a low bending stiffness, CNTs embedded into a matrix tend to be curved.
In addition, longer fibers tend to have more curvature. In the model, waviness is considered
a function of length, and each nanotube is divided into ten straight segments. The sine of
the deviation angle θ between line segments varies uniformly between − sin
(
θmax
2
)
and
14
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Figure 2.3 : Lognormal distribution of 1,536 nanotube lengths.
sin
(
θmax
2
)
, where θmax is the upper angle limit. This upper angle limit is determined by
nanotube length according to
θmax =
180o
upper length limit
× C N T length. (2.6)
The deviation angle varies linearly with nanotube length; thus, longer CNTs tend to be
wavier than shorter CNTs.
Now that the nanotube morphology parameters are defined, the geometry generation
routine can be implemented to create a microstructure. The positions of the nanotubes are
generated randomly. If any segment reaches the edge of the RVE, that nanotube is ended
and a new one begins. This process continues until the specified volume fraction is reached
for the microstructure. One particular such microstructure is shown in Figure 2.4.
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Figure 2.4 : RVE with 0.00889 volume fraction of nanotubes.
In the proposed model, the amount of nanotubes is specified by volume fraction; how-
ever, many authors report the weight fraction. As long as the matrix and nanotube densities
are known, the conversion is easily performed and can be readily changed in the model.
The two values are related by (36)
v fnt = w fntρmatri x
w fntρmatri x + (1− w fnt)ρnt , (2.7)
where w fnt is the weight fraction of nanotubes, v fnt is the volume fraction, ρmatri x is the
density of the matrix, and ρnt is the density of the nanotubes.
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2.2 Fiber Partitioning
After generating the microstructure, the next step is to partition the nanotubes that cross
from one element to another. Partitioning is a process in which a fiber is divided at element
boundaries if it traverses multiple elements. This step is necessary because in order to
combine the stiffness matrices of the fibers within an element with the stiffness matrix of
the polymer matrix for that element, the reinforcing fiber must lie completely within the
element.
For finite element analysis, the RVE is divided into many elements. These elements al-
low for the calculation of certain quantities to be found at finite points throughout the RVE.
A larger number of elements results in more accurate results, yet increases computational
time required to solve the problem. The initial geometry generation produces nanotubes
that are divided into segments, as described above and shown in Figure 2.5.
While the fiber may cross into multiple elements, only the portion of the fiber that lies
within each particular element contributes to the properties of that element. If the properties
of the entire fiber were included in every element in which it resides, the properties would
be grossly overestimated.
To accomplish this partitioning, the coordinate pairs for every nanotube segment are
examined to see whether they lie in the same element. If they do not, a line equation is
generated for the segment. This equation is compared with the equations for the lines of
the RVE mesh grid and the points of intersection are found. The nanotube is then divided
at these points. This algorithm is taken from the work of Esteva & Spanos (40) and based
17
Figure 2.5 : Microstructure showing segments before partitioning.
upon the work of Ranjbaran (41; 42). Note that even though the fibers are divided into
smaller fibers during the partitioning process, the waviness and length distribution infor-
mation is preserved because that was taken into account during the geometry generation.
It is possible for a single fiber to cross several element boundaries, especially as the
number of elements in the RVE increases, thus resulting in a fiber that is divided multiple
times. Although this is not physically precise, this method has been shown to be computa-
tionally accurate and is required to employ the Embedded Fiber Method (EFM) discussed
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in the following section. A section of a partitioned microstructure section is presented in
Figure 2.6.
Figure 2.6 : Section of partitioned microstructure.
2.3 Embedded Fiber Method
Once the nanotube morphology has been generated and the fibers partitioned, the final step
to prepare the RVE for traditional finite element analysis is to incorporate the properties of
the nanotubes in the polymer matrix. The process of embedding relies on directly adding
the nanotubes’ stiffness, piezoelectric, and dielectric properties to that of the surrounding
matrix. This is accomplished for each element in the RVE finite element mesh. Regard-
less of the type of problem to be solved (elastic, thermal, piezoelectric, etc.), the same
embedding process is applied to the RVE.
19
In general, there are three steps to the embedding process. The first step is to use the
traditional finite element formulation to derive the stiffness matrix of the polymer element.
For the piezoelectric case, this stiffness matrix includes elastic stiffness, piezoelectric cou-
pling, and dielectric stiffness matrices. This formulation can be found in any basic finite
element text, such as those by Akin (43), Desai & Abel (44), and Zienkiewicz et al. (45).
The second step is to calculate the stiffness matrix of each nanotube within the element,
and the third step is to add the nanotube stiffness properties to those of the surrounding
polymer for the element.
Using finite element formulation, the following matrix equations can be obtained:


Kuu Kuφ
KTuφ Kφφ




U
8


=


F
Q


, (2.8)
where Kuu is the elastic stiffness matrix, Kuφ is the piezoelectric coupling matrix, Kφφ
is the dielectric stiffness matrix, U is the nodal mechanical displacement, 8 is the nodal
electrical potential, F is the nodal mechanical force, and Q is the nodal electrical charge.
The stiffness, piezoelectric coupling, and dielectric stiffness matrices are given by
Kuu =
∫
BTu CBu dV, (2.9a)
Kuφ =
∫
BTu e
TBφ dV, (2.9b)
and Kφφ = −
∫
BTφεBφ dV, (2.9c)
where Bu relates the strain and displacement, and Bφ relates the electrical field and electri-
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cal potential. The strain within an element is related to displacement u by
S = Bu, (2.10)
where
B =


∂
∂x
0
0 ∂
∂y
∂
∂y
∂
∂x


, (2.11)
and the electrical field is related to electrical potential φ by
E = −∇φ. (2.12)
The displacement and electrical potential within an element may be approximated by a
combination of interpolation functions N as
u = NuU (2.13a)
and φ = Nφ8, (2.13b)
which results in
S = Bu =BNuU = BuU (2.14a)
and E = −∇φ = −∇Nφ8 = −Bφ8, (2.14b)
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where
Nu =


N1 0 N2 0 N3 0 N4 0
0 N1 0 N2 0 N3 0 N4

 , (2.15a)
Bu =


∂N1
∂x
0 ∂N2
∂x
0 ∂N3
∂x
0 ∂N4
∂x
0
0 ∂N1
∂y 0
∂N2
∂y 0
∂N3
∂y 0
∂N4
∂y
∂N1
∂y
∂N1
∂x
∂N2
∂y
∂N2
∂x
∂N3
∂y
∂N3
∂x
∂N4
∂y
∂N4
∂x


, (2.15b)
Nφ =


N1 N2 N3 N4
N1 N2 N3 N4

 , (2.15c)
and Bφ =


∂N1
∂x
∂N2
∂x
∂N3
∂x
∂N4
∂x
∂N1
∂y
∂N2
∂y
∂N3
∂y
∂N4
∂y

 . (2.15d)
For a four-noded quadrilateral element with three degrees of freedom per node, there are
four shape functions used to map between the local parametric coordinates r and s and the
global coordinates x and y. These shape functions are seen in Equations (2.15a)-(2.15d)
and are given by
N =
[
N1 N2 N3 N4
]T
, (2.16a)
N1 =
1
4
(1− r) (1− s) , (2.16b)
N2 =
1
4
(1+ r) (1− s) , (2.16c)
N3 =
1
4
(1+ r) (1+ s) , (2.16d)
and N4 =
1
4
(1− r) (1+ s) . (2.16e)
Furthermore, the local derivatives are mapped to global derivatives using the Jacobian in
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Equation (2.17) and the derivatives of the shape functions. This mapping is given by
J =


dx
dr
dy
dr
dx
ds
dy
ds

 (2.17)
and


dN
dx
dN
dy

 = J−1


dN
dr
dN
ds

 . (2.18)
With these derivatives and coordinates in hand, the strain matrix and stiffness matrix
for an element are easily calculated. Due to the discrete nature of FEA, the integral of
Equation (2.9a) is determined numerically using Gaussian quadrature. For any particular
element, the shape functions and the Jacobian are evaluated at each of the Gaussian quadra-
ture points within the element and summed. For a two-dimensional square element, as is
the case in the present model, these points are given as
r = s = ± 1√
3
, (2.19)
and the weights are
wi = w j = 1. (2.20)
In the parametric space, Equation (2.9a) becomes
Kuu = h
∫
A
BTu CBu da = h
∫∫

BTu CBu ‖J‖ drds, (2.21)
which is calculated numerically by
Kuu = h
n∑
i=1
n∑
j=1
wiw j BTu (r, s)CBu (r, s) ‖J(r, s)‖ . (2.22)
The matrices in Equations (2.9b) and (2.9c) are calculated in a similar manner.
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With the ability to calculate the stiffness matrix for the bulk matrix material, it is now
necessary to calculate the stiffness matrices for the reinforcing fibers. In the model dis-
cussed herein, the nanotubes are approximated as line elements. For elastic properties, the
line element approximation is accurate and computationally efficient as shown by Konrad
& Graovac (46). In addition, Sai & Mele (47) report that a uniaxial strain on a nanotube
only induces a uniaxial polarization. Equations (2.15a)-(2.15d) are used again, yet they are
reduced to one dimension for calculating the stiffness matrices for the nanotube. Using a
constant Jacobian and the interpolation functions for a line element,
N f ib1 = 1− r (2.23a)
and N f ib2 = r, (2.23b)
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the stiffness matrices expanded to two dimensions using zeros now become
Kuu f ibL =
C f ib A
L


1 0 −1 0
0 0 0 0
−1 0 1 0
0 0 0 0


, (2.24a)
Kuφ f ibL =
e f ib A
L


1 −1
0 0
−1 1
0 0


, (2.24b)
and Kφφ f ibL =
−ε f ib A
L


1 −1
−1 1

 , (2.24c)
where C f ib is the elastic modulus of the fiber, A is the cross-sectional area of the fiber,
textitL is the fiber length, e f ib is the uniaxial piezoelectric coupling constant for the fiber,
and ε f ib is the dielectric constant for the fiber. These matrices are for a fiber that is oriented
in the local, postitive x-direction. To transform these matrices from their local systems to
the global coordinate system, accounting for the true alignment of the nanotube, a matrix
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of direction cosines is easily employed using the equations
Kuu f ibG = RTu Kuu f ibL Ru, (2.25a)
Kuφ f ibG = RTu Kuφ f ibL Rφ, (2.25b)
Kφφ f ibG = Kφφ f ibL , (2.25c)
Ru =


cos θ sin θ 0 0
− sin θ cos θ 0 0
0 0 cos θ sin θ
0 0 − sin θ cos θ


, (2.25d)
and Rφ =


cos θ sin θ
− sin θ cos θ

 , (2.25e)
where θ is the angle between the fiber and the postive x-axis of the global coordinate
system. Note that Kφφ does not need to be rotated.
The next step to prepare the fiber’s stiffness matrix to be embedded with the bulk ma-
terial’s stiffness matrix for a single element is to map the physical coordinates of the fiber
endpoints to the corresponding parametric coordinates. The parametric coordinates of the
fiber endpoints are found using a Newton-Rhapson scheme explained in Elsbernd & Spanos
(30).
Finally, the full, global stiffness matrix for a single fiber in a single element can be
found by interpolating the fiber’s properties that are given in Equations (2.25) to the nodes
of the element under consideration. This is accomplished by utilizing the transformation
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matrix T with the equations
Kuu f ib = TTu Kuu f ibG Tu, (2.26a)
Kuφ f ib = TTu Kuφ f ibG Tφ, (2.26b)
Kφφ f ib = TTφKφφ f ibG Tφ, (2.26c)
Tu =


N1 (r1, s1) 0 N2 (r1, s1) 0
0 N1 (r1, s1) 0 N2 (r1, s1)
N1 (r2, s2) 0 N2 (r2, s2) 0
0 N1 (r2, s2) 0 N2 (r2, s2)
...
...
N3 (r1, s1) 0 N4 (r1, s1) 0
0 N3 (r1, s1) 0 N4 (r1, s1)
N3 (r2, s2) 0 N4 (r2, s2) 0
0 N3 (r2, s2) 0 N4 (r2, s2)


, (2.26d)
and Tφ =


N1 (r1, s1) N2 (r1, s1) N3 (r1, s1) N4 (r1, s1)
N1 (r2, s2) N2 (r2, s2) N3 (r2, s2) N4 (r2, s2)

 . (2.26e)
The final step in the embedding process is to add the nanotube stiffness, piezoelectric, and
dielectric properties to those of the surrounding polymer for the element. This process is
simple, accomplished by direct addition, and is described by the equation
Keequ = Kemat +
n∑
i=1
Kif ib, (2.27)
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where Keequ is the equivalent stiffness matrix, Kemat is the stiffness matrix of the polymer
for the element, and
∑n
i=1 Kif ib is the sum of the stiffness matrices of all the fibers in the
element.
By approaching the problem in this way, the need for complicated, manual meshing
around the nanotube-polymer matrix is eliminated. A simple, square finite element mesh
is all that is necessary for the EFFEM and this automation of the model, without human
intervention, directly follows from the process. This is the primary advantage of this ap-
proach. However, as in most models, an important assumption is made. The EFFEM
assumes perfect bonding between the nanotubes and the polymer matrix. While initial ex-
periments indicated that this may not be a valid assumption, recent findings have found
this assumption justified in two ways. First, dramatic advancements have been achieved in
interfacial bonding through chemical functionalization of the nanotube sidewalls and end-
caps. Garg & Sinnott (48) reported that even a high degree of sidewall functionalization
will degrade the mechanical strength of SWNTs by only 15%. Demonstrating the effec-
tiveness of functionalization, Zhu et al. (49) reported that by utilizing acid treatment and
fluorination of the nanotubes, they are able to achieve a 30% increase in elastic modulus of
an epoxy composite with the addition of only 1% weight fraction (wt.) of SWNTs. Second,
conventional observation of reinforcing inclusions indicates that interfacial weakening of-
ten occurs, causing a detrimental effect on the load transfer properties of the composite.
However, Esteva & Spanos (40) showed that for small volume fractions, ≤30%, the in-
terface weakening effect of elliptical inclusions was not relevant for nanotube reinforced
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composites. Based on these two justifications, the EFFEM is a valid approach to modeling
nanocomposites.
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Chapter 3
Non-Linear Model
After establishing the EFFEM as the framework in which to approach the problem of mod-
eling a SWNT-reinforced composite while incorporating many realistic and essential fea-
tures of such a material, the next step is to determine how to model non-linearity. The
non-linear mechanical properties of SWNT-reinforced composites for small strains are well
observed in several experiments. Sun et al. (50), Zhu et al. (49), Skakalova et al. (51),
and Gojny et al. (52) reported clearly non-linear stress-strain relationships for nanotube-
reinforced composites at various volume fractions. Since strain levels are small, the non-
linearity was dominated by material properties rather than geometrical considerations.
Since material non-linearity is the primary concern, two different approaches are con-
sidered to incorporate the non-linear properties of both the nanotubes and the matrix. The
first is the incremental approach. By solving a linear problem in series of small increments,
the non-linearity of the materials can be incorporated in the model through a recursive up-
dating procedure. The second approach is an iterative technique. In this approach, the
full linear problem is solved repeatedly, again updating the properties of the nanotubes or
the polymer after each step. The incremental approach is more versatile, yet more com-
putationally expensive. It allows the user to recover intermediate solution values, which
are useful for calculations such as a stress-strain curve. The iterative approach is more ro-
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bust and usually less computationally expensive. However, the iterative approach provides
only final solution values; therefore, it has limited applicability for some applications. The
general concepts of both approaches are described in detail by Desai & Abel (44). To
decide which approach to use, an understanding of the mechanisms of non-linearity in both
nanotubes and epoxies is needed.
3.1 Non-Linear Properties of Nanotubes
The non-linear elastic properties of nanotubes are well documented in the current litera-
ture, both theoretically and experimentally. For the non-linear elastic properties, Tserpes
et al. (53) presented a detailed finite element model of lone nanotubes using a structural
mechanics approach. They identified the stress-strain relationship for armchair and zigzag
SWNTs. Additionally, Tserpes et al. (6) presented a progressive fracture model to cal-
culate the stress-strain relationship for SWNT’s with perfect structures and for those with
imperfections. Belytschko et al. (7) developed a molecular mechanics model to simulate
nanotube fracture. They reported the stress-strain curve for perfect and imperfect zigzag
nanotubes as well as a curve for various different perfect nanotube structures. Natsuki et
al. (54) described a structural mechanics approach to modeling nanotube elastic properties.
Finally, Meo & Rossi (5) presented a molecular-mechanics based FEM for the prediction
SWNT elastic properties. Each of these models used a slightly different approach, but
they all identified 1˜0-15% strain as the region where significant non-linear behavior is first
exhibited by SWNTs.
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Along with the theoretical modeling evidence presented above, experimental evidence
corroborates the non-linear elastic properties of SWNTS. Yu et al. (55, 56) performed
tensile load testing using an AFM tip to document the non-linear stress-strain relationship
of SWNTs. Their results showed the onset of non-linear behavior to occur above 10%
strain. Walters et al. (57) also reported the lower bound of the yield strain of SWNTs to
be approximately 6%.
3.2 Non-Linear Properties of Epoxies
Epoxy composites exhibit non-linear elastic properties at a much lower strain level. Zhu et
al. (49, 58) presented stress-strain curves for neat epoxy in which non-linearity was shown
at 3% strain. Li et al. (59) presented similar effects with a load-displacement curve of
neat epoxy. Yue et al. (60) report a stress-strain curve for PVDF with similar conclusions
as non-piezoelectric polymers. Sun et al. (50) and Gojny et al. (52) also indicated 3%
strain as the onset of non-linearity in neat epoxy. Each author indicated failure of epoxy
without reinforcement at approximately 6%. The significantly lower onset of non-linear
behavior and failure in the epoxy than that in the lone nanotubes led to the conclusion that
the non-linear behavior of the nanotubes may be neglected and that of the epoxy must be
taken into account for an accurate elastic model at small strains less than 6%.
In this work, the non-linear elastic properties of the epoxy matrix are considered in the
elastic analysis of the model. This choice is based upon the understanding of the non-linear
elastic properties of polymer matrix materials. With this choice made, the next step is to
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select which non-linear approach to take.
3.3 Choice and Implementation of Non-Linear Approaches
After careful consideration of the incremental and iterative methods, the incremental tech-
nique is chosen for the elastic analysis. The incremental technique is chosen both for its
versatility and because it most closely resembles the physical phenomenon of a tensile
strain test. The iterative technique is not applicable in the elastic analysis of the current
model because it does not provide any information about the stresses and strains at in-
termediate load increments. Thus, a stress-strain relationship cannot be obtained from an
iterative approach in the elastic case. In addition, the availability of experimental data for
comparison contributed to this choice.
After deciding which approach to take, a non-linear finite element model is developed,
using the Embedded Fiber Method as a foundation. After generating the nanotube geome-
try, partitioning the fibers, and embedding the fibers, the stiffness matrix of the entire RVE
is assembled using the standard finite element procedures in Equation (2.8)
The general finite element problem is solved using a displacement-controlled approach,
rather than force-controlled, because a uniform displacement on an entire edge is needed to
generate a stress-strain curve for the RVE as a whole. After each displacement increment is
applied, the resulting displacements and voltage of every node in the mesh are calculated.
With the displacements at each node in hand after an incremental displacement is applied,
the strain at each node can be calculated and interpolated to the Gaussian quadrature points
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using Equation (2.14a). Likewise, the electrical field can be calculated and interpolated
using the voltage at each node and Equation (2.14b).
In two-dimensions, the strain vector S is a three component vector including the strain
in the x and y directions, Sx , Sy as well as the shear strain, Sxy . The electrical field vector
E is a two component vector. With the strain and electrical field, the stress at each Gauss
point can be calculated using Equation (1.1a)
After finding the strain and electrical field vectors at a node using and using them to find
the corresponding stress vector, the von Mises stress at each Gauss point in each element
can be calculated. The von Mises stress is then used to refer to the stress-strain curve of
the PVDF polymer in Yue et al. (60) to calculate the tangent modulus at any particular
Gauss point. An equation for this curve is found by fitting a polynomial trendline as shown
in Figure 3.1.
This trendline is used for calculating the modulus at each Gauss point throughout the
RVE can be updated after each displacement increment. This procedure allows the non-
linearity of the material to be effectively incorporated into the model.
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Figure 3.1 : Stress-strain curve of PVDF (60) with polynomial fit.
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Chapter 4
Results and Discussion
4.1 Piezoelectric Properties Results
To qualitatively verify that the model demonstrates the piezoelectric effect, a preliminary
analysis is performed. First, a piezoelectric matrix with CNTs is subjected to a the bound-
ary conditions in Figure 4.1. The bottom edge is completely fixed and the top edge is fixed
in the x-direction and is subjected to a controlled displacement to 3.5% strain. The electric
potential is set to zero on both edges.
Figure 4.1 : Traditional tensile test boundary conditions.
Under this type of loading condition, an electric field should be induced. Table 4.1
summarizes this input nanocomposite. Figure 4.2 shows a color plot of the calculated
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voltage along with vectors showing the electric field at the center of each node for a PVDF
matrix with no nanotubes. Figures 4.3 shows the results of a PVDF matrix with 1% weight
fraction of carbon nanotubes. The carbon nanotubes reinforce the matrix and, therefore,
cause higher stress concentrations at those locations in the matrix, as is shown in Figure
4.3(a) with a plot of internal forces. These higher stress concentraions induce a higher
voltage and stronger electrical field at those locations, as is seen in Figures 4.3(b) and
4.3(c).
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Table 4.1 : Input parameters for simulating a PVDF/CNT composite.
RVE
Width (µm) 1
Height (µm) 1
Matrix
Type PVDF (piezoelectric)
Elastic Modulus (GPa) 1.4
e13 (Cm−2) 4.63
e33 (Cm−2) -3.03
ε11 (Fm−1) 110 x 10−12
ε33 (Fm−1) 110 x 10−12
Filler
Type CNT (non-piezoelectric)
Elastic Modulus (GPa) 400
Length (nm) (stochastic)
Diameter (nm) (stochastic)
e33 (Cm−2) 0
ε33 (Fm−1) 120 x 10−12
Next, a non-piezoelectric matrix with piezoelectric nanotubes is subjected to the bound-
ary conditions in Figure 4.1 for two different volume fractions. This input nanocomposite
is summarized in Table 4.2. Again, the results include plots of the voltage and nanotubes
as well as the voltage and electrical field. For the lower concentraion of 0.1% weight frac-
tion in Figure 4.4, the electric field is stronger at the nanotube locations. In Figure 4.5 the
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electric field is more even throughout the RVE which has 1% weight fraction of nanotubes.
Table 4.2 : Input parameters for simulating a PZT nanotube/epoxy composite.
RVE
Width (µm) 1
Height (µm) 1
Matrix
Type Epoxy (non-piezoelectric)
Elastic Modulus (GPa) 2.85
e13 (Cm−2) 0
e33 (Cm−2) 0
ε11 (Fm−1) 0.0797 x 10−9
ε33 (Fm−1) 0.0797 x 10−9
Filler
Type PZT-5H (piezoelectric)
Elastic Modulus (GPa) 111
Length (nm) (stochastic)
Diameter (nm) (stochastic)
e33 (Cm−2) 15.8
ε33 (Fm−1) 7.35 x 10−9
Before proceeding to comparison with reported theoretical data, a Monte Carlo Mesh
Convergence Analysis (MCMCA) is performed to determine the necessary mesh refine-
ment. Due to the random nature of the nanotube geometry generation, the finite element
results of a single RVE would not be a statistically accurate representation of the general
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composite. To report a statistically accurate result, a Monte Carlo statistical analysis must
be adopted for the data. Monte Carlo statistical analysis is a process in which meaningful
information about a random event is gained by statistically analyzing a large number of
those events. To ensure that an adequate number of random RVEs were considered, the
simulation is performed on 500 different RVE microstructures. Esteva [42] validated the
choice of five hundred different microstructures by performing a Monte Carlo convergence
analysis, and this is deemed a sufficient sample size for the current model as well.
The elastic and piezoelectric constants from Equations (1.6) and (1.7) are averaged
over 500 randomly generated RVE’s for several different mesh refinements. Figure 4.6
summarizes this analysis with normalized values. The number of divisions indicates the
number of elements along the edge of the RVE. Thus, the number of elements in the RVE
is the square of the number of divisions. It is determined that the results converge after 60
divisions, so that is the mesh refinement used for calculating the elastic and piezoelectric
constants.
Now that MCMCA is complete for this part of the model, the model’s results are com-
pared to theoretical results reported in literature. Ray & Batra (24) analyze a composite
where CNTs are imbedded into a PZT-5H piezoceramic matrix. They report values for
the effective piezoelectric constant and effective elastic coefficient for various volume frac-
tions. The values they use for matrix and nanotube properties are entered into the model,
and the results are compared in Figures 4.7 and 4.8. Table 4.3 summarizes the input pa-
rameters. Note that they do not report any data for the dielectric constant, so the model’s
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results for that parameter are not shown.
Table 4.3 : Input parameters from Ray & Batra (24).
RVE
Width (µm) 1
Height (µm) 1
Matrix
Type PZT-5H (piezoelectric)
C11 (GPa) 151
C13 (GPa) 98
C33 (GPa) 124
e13 (Cm−2) -5.1
e33 (Cm−2) 27
ε11 (Fm−1) 110 x 10−12
ε33 (Fm−1) 110 x 10−12
Filler
Type CNT (non-piezoelectric)
Elastic Modulus (GPa) 400
Length (nm) (stochastic)
Diameter (nm) (stochastic)
e33 (Cm−2) 0
ε33 (Fm−1) 120 x 10−12
The piezoelectric coefficent varies slightly from the data, but does not differ more than
8%. As the number of nanotubes increases, the effective piezoelectric coefficient decreases
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since a smaller amount of the composite volume is piezoelectric. The elastic constant
calculated in the model follows the trend of the data from Ray & Batra (24); as the volume
fraction of nanotubes increase, the elastic coefficient of the composite increases. This
should occur because the nanotubes are adding stiffness to the composite. The difference
between the data can be explained by the orientation of the nanotubes for the two models.
The proposed model contains randomly oriented nanotubes. Therefore, only the nanotubes
oriented in the direction of the applied strain contribute to the elastic constant. Ray & Batra
(24) use a composite where the nanotubes are unidirectional in the direction of the applied
strain. Therefore, for the same volume fraction of nanotubes, the elastic constant calculated
in the proposed model should be slightly less.
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Figure 4.2 : Voltage and electric field for PVDF matrix with no nanotubes.
43
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
x 10−6
0
0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
0.45
0.5
0.55
0.6
0.65
0.7
0.75
0.8
0.85
0.9
0.95
1
x 10−6
X at 441 Nodes
Y 
on
 4
00
 E
le
m
en
ts
RMS Value (max = 8.0891e−006, min = 6.3555e−009)
 
 
1
2
3
4
5
6
7
8
x 10−6
(a) Internal forces in matrix with locations of nanotubes shown.
Figure 4.3 : PVDF/CNT composite at 0.1% weight fraction.
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(b) Voltage in matrix with locations of nanotubes shown.
Figure 4.3 : PVDF/CNT composite at 0.1% weight fraction.
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(c) Voltage and electrical field in the matrix.
Figure 4.3 : PVDF/CNT composite at 0.1% weight fraction.
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(a) Voltage in matrix with location of nanotubes shown.
Figure 4.4 : PZT nanotube/polymer composite at 0.1% weight fraction.
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Figure 4.4 : PZT nanotube/polymer composite at 0.1% weight fraction.
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(a) Voltage and electrical field in the matrix.
Figure 4.5 : PZT nanotube/polymer composite at 1% weight fraction.
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Figure 4.5 : PZT nanotube/polymer composite at 1% weight fraction.
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Figure 4.6 : MCMCA for piezoelectric constants.
Figure 4.7 : Comparison of data for elastic constant.
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Figure 4.8 : Comparison of data for piezoelectric constant.
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4.2 Non-Linear Results
To calculate an effective stress-strain curve of the composite, a tensile displacement is ap-
plied and transverse movement of the structure is unrestricted, as displayed in Figure 4.9.
By adopting these boundary conditions, transverse stresses at the bottom nodes are elim-
inated and a direct correlation can be made between the applied displacement and the
stresses recovered at the bottom nodes which are held in the tensile direction.
Figure 4.9 : Boundary conditions used for calculating stress-strain curve.
To qualitatively verify the EFFEM method, a preliminary analysis is performed. Using
a piezoelectric PVDF matrix and carbon nanotubes, a 1 µm2 RVE is displaced to a strain
of 3.5% for an arbitrary nanotube geometry of 1% wt. SWNTs. By visualizing the dis-
placement contours in the tensile stretching direction along with the nanotube geometry,
the reinforcing effect of the nanotubes can clearly be seen by noticing the areas of the plot
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in which color intensity remains constant. The true power of the reinforcement is seen by
examining the displacements at a high strain value, after the polymer has begun to exhibit
a large degradation of elastic modulus. These two contours are shown in Figure 4.10 for
comparison.
Figure 4.10 : Contour plots of the displacements in the tensile direction after the 1st and
50th incremental steps; deformation before and after the onset of non-linear polymer be-
havior.
After qualitatively assessing the non-linear portion of the model, the next step is to
quantitatively compare the tensile behavior of the model to that reported in literature. For
this analysis, carbon nanotubes are embedded into piezoelectric PVDF matrix and com-
pared to stress-strain curves reported by Yue et al. (60).
Before proceeding to comparison with experimental data, MCMCA is again performed
to determine the mesh refinement. In addition, the incremental step size necessary for
reliable results must also be analyzed for the non-linear analysis. For the non-linear portion
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of the model, the only analysis that is needed is to take the average stress values of many
different RVEs at the same strain values to create a statistically accurate stress-strain curve.
The average stress values for each step are then used to generate the stress-strain curve
for the composite material. Again 500 microstructures are used. Esteva [42] validated
this choice by performing a Monte Carlo convergence analysis on a linear model. Since the
proposed non-linear model is a combination of many linear solutions, this analysis validates
five hundred samples as a sufficient sample size for the current model as well.
The first part of the convergence analysis is to determine the necessary number of in-
cremental steps. Using the same volume fraction as Yue et al. (60) and typical PVDF
properties from Table 4.1 (61), the Monte Carlo analysis described above was performed.
To determine the number steps needed, the results of the incremental solution for a single
division of the RVE were examined. This convergence analysis is summarized in Fig-
ure 4.11.
From these results, it is determined that 50 incremental steps are sufficient to capture
the non-linearity. Next, it is necessary to determine the mesh refinement needed for ac-
curate results. This convergence analysis was performed over 500 random RVE’s using
50 incremental steps for various numbers of divisions, and this portion of the convergence
analysis is summarized in Figure 4.12.
Based off this convergence analysis, it is determined that the solution converges after
60 divisions, or 3600 elements. Thus, 50 incremental steps and 60 divisions are used for
the non-linear portion of the model.
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After performing the convergence analysis, the model is compared to experimental
stress-strain curves in Yue et al. (60) for both 0% and 1% weight fraction. The results
are shown in Figure 4.13.
As expected, an increase in CNT content increases the elastic modulus of the PVDF/CNT
composite. The model results never differ more than 9% at any point along the curve and
is explained by two factors. First, an increase in mesh refinement of the model would bring
the model curve closer to the experimental curve. Because the aim herein is to merely
show that the model is accurate, not exact, the mesh refinement is not changed. Second,
the model curve is an average over 500 random microstructures, whereas the experimental
curve is a single realization of one particular nanotube geometry. Any single geometry
curve strongly depends on the particular orientation of nanotubes in that sample. Thus, the
model is deemed reliable for capturing the non-linear behavior of a nanotube reinforced
polymer matrix.
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(a) Convergence analysis for step size.
(b) A close-up view makes it clear that 50 incremental steps are sufficient.
Figure 4.11 : Convergence Analysis for step size.
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(a) Convergence analysis for number of divisions.
(b) A close-up view makes it clear that 60 divisions are sufficient.
Figure 4.12 : Convergence analysis for number of divisions.
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Figure 4.13 : Stress-strain curves of Yue et al. (60) compared to model.
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Chapter 5
Concluding Remarks
This thesis has discussed a model to predict the elastic and piezoelectric properties of
nanotube-reinforced composites utilizing the Embedded Fiber Finite Element Method. The
EFFEM allowed the properties of the nanotubes to be directly added to those of the sur-
rounding polymer matrix. In this manner, complicated meshing at the interfaces of the nan-
otubes and matrix was avoided. After solving the system, the results were post-processed to
determine effective elastic and piezoelectric constants. These numerical results have been
compared to data reported in recent literature and were found to accurately represent the
behavior of these composites.
This thesis has also addressed the non-linear elastic properties of nanotube-reinforced
composites utilizing the Embedded Fiber Finite Element Model. An accurate stress-strain
curve for these nanocomposites was generated efficiently by incorporating the non-linear
modulus of elasticity of the polymer matrix using an incremental approach. The accuracy
of numerical results has been assessed by comparison to experimental results available in
the literature, and the results have been found to be accurate for small strains. Therefore,
the accuracy and versatility of the model have been shown.
The accuracy of the model, however, could be improved with better understanding of
both the nanoscale physics that govern piezoelectric behavior of polymers and nanotubes
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and the impact manufacturing techniques have on piezoelectric properties.
Monte Carlo simulations have minimized the statistical variation in the derived numer-
ical results for both the determination of the effective mechanical and thermal properties
and for the determination of the effective electrical properties of the nanocomposite.
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